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Abstract

In this paper, we propose a new method for simultane-
ously estimating the illumination of the scene and the re-
flectance property of the object from a single image. We as-
sume that the illumination consists of multiple point sources
and the shape of the object is known. Unlike previous meth-
ods, we will recover not only the direction and intensity of
the light sources, but also the number of light sources and
the specular reflection parameter of the object. First, we
represent the illumination on the surface of a unit sphere as
a finite mixture of von Mises-Fisher distributions by deriv-
ing a spherical specular reflection model. Next, we estimate
this mixture and the number of distributions. Finally, using
this result as initial estimates, we refine the estimates using
the original specular reflection model. We can use the re-
sults to render the object under novel lighting conditions.

1. Introduction

Recovering illumination conditions and/or surface re-
flectances from images is commonly referred to as inverse
rendering which has been studied actively in computer
vision and computer graphics. For instance, estimation
can benefit rendering under novel illumination conditions,
adding new synthetic objects, and modifying the surface
reflectances. The more information about the lighting we
can estimate from the images (e.g. direction, location, in-
tensity, and color of the light sources), the wider variety
of illumination manipulation can be accomplished to the
original images. A variety of approaches have been pro-
posed to estimate illumination given a single view image
of a scene, most of which estimate the direction of a sin-
gle light source [6]. Recently, attempts have been made to
recover information of multiple light sources. Yang et al.
[21] analyze the intensities and surface normals along the
occluding boundaries. Zheng et al. [23] use shading infor-
mation along image contours. Hougen et al. [5] solve a set
of linear equations for image irradiance. Marschner et al.

[9] produce a set of basis images and find a linear combi-
nation of those basis images that matches the input image.
Kim et al. [7] use image regions corresponding to bumps.
Sato et al. [13] analyze intensity information inside shad-
ows cast on the scene by the object. Zhang et al. [22] detect
critical points where the surface normal is perpendicular to
some light source direction. Ramamoorthis et al. [12] in-
troduce a signal-processing framework which expresses the
light field as a product of spherical harmonic coefficients
of reflectance and lighting. Wang et al. [18] extend Zhang
et al’s method by allowing Lambertian objects of arbitrary
known shapes. More recently, multiple cues are combined
to robustly estimate multiple light sources. Wang et al. [19]
develop a method based on shadows and a method based
on shading independently. Li et al. [8] integrate multi-
ple cues (shading, shadow and specular reflection). Unlike
other methods, Li et al.’s technique still work for textured
surfaces.

Most of these methods assume (i) all the light sources
are infinitely distant (i.e., directional light sources), (ii) the
geometry of the target object is known, (iii) the number of
light sources is known.� In this paper, we focus on recover-
ing the illumination, including the number of light sources,
and surface reflectance even in the case where the number of
light sources is not given (thereby assumption (iii) is elimi-
nated).

We propose a new method for estimating the illumina-
tion of a scene and the reflectance property of a real object
in the scene, given a single view image taken under multiple
point light sources and a geometric model of the object. Un-
like previous methods, our method can recover not only the
direction and intensity of multiple light sources but also the
number of light sources and the specular reflectance prop-
erty of the object. This approach can be summarized as
follows. First, using the specular reflection component sep-
arated from the input image, we represent the illumination

� The approaches of estimating intensities of uniformly sampled light
directions are also included in this category.



condition as a finite mixture of von Mises-Fisher distribu-
tions on the unit sphere based on a spherical representation
of specular reflection. Then, we estimate initial values by
solving both the mixture and the number of light sources
using an EM optimization framework. Finally, using the re-
sults as initial estimates, we solve an optimization problem
using the original specular reflection model in Cartesian co-
ordinates. The results allows us to render the object under
novel lighting conditions.

The rest of the paper is organized as follows. Section
2 explains the von Mises-Fisher distribution defined on the
surface of a sphere. Using this distribution model, we derive
a spherical specular reflection model based on the Torrance-
Sparrow reflection model. Section 3 explains how to repre-
sent the specular reflection as a mixture of spherical distri-
butions, and how to formulate the illumination estimation
problem as the mixture estimation problem. Next, we show
how we can estimate both the parameters of each distribu-
tion and the number of components in the mixture. Section
4 shows the experimental results. Finally, we conclude in
Section 5.

2. A Reflection Model based on Spherical Dis-
tribution

Reflection models are generally divided into the diffuse
reflection component and the specular reflection compo-
nent. Torrance and Sparrow [16] modeled the specular re-
flection at an object surface point based on the assumption
that the object surface is made of highly reflective micro-
scopic facets distributed in V-shaped grooves (called the mi-
crofacets) as follows:
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where �� denotes a three band color vector of the specular
reflection radiance, �� is the color vector of the specular
reflection (which includes the normalization factor of the
exponential function, the reflectivity of the surface, and the
scaling factor between scene radiance and a pixel value),
� is the Fresnel reflectance coefficient, � is the geomet-
rical attenuation factor, �� is the angle between the view-
ing direction and the surface normal, and �� and �� are, re-
spectively, the altitude and azimuth cordinate, ������ ��� is
the illumination radiance per unit solid angle coming from
the direction ���� ���, �	� is the infinitesimal solid angle
(�	� � �
� ��������), � is the angle between the surface
normal and the bisector of the viewing direction and the
light source direction, and � is the surface roughness.

From (1), we can clearly see that the Torrance-Sparrow
reflection model approximates the distribution of the ori-
entations of microfacets with a Gaussian distribution with
mean zero and standard deviation �. In this section, we de-

rive a specular reflection model based on a spherical distri-
bution (or a directional distribution) instead of the Gaussian
distribution and we present that this reflection model can
well approximate the Torrance-Sparrow reflection model.

2.1. Von Mises-Fisher Distribution

To analyze statistically directional data, the von Mises-
Fisher (hereafter referred to as vMF) distribution [4] has
been developed by the analogy with the Gaussian distribu-
tion and is one of the most widely used directional distribu-
tions. A direction can be expressed by a point on a sphere
of unit radius. A three dimensional unit random vector (i.e.,
� � �
�� 
�� 
��

� satisfying ����� � �) is said to obey -
variate vMF distribution if its probability density function
is given by
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where � (����� � �) is the mean direction, and � � � is
the concentration parameter. The concentration parameter
� characterizes how strongly the unit vectors drawn accord-
ingly to ������ �� are concentrated around the mean direc-
tion �. Let � � ���� � � � ���� be a data set of � random
unit vectors (a set of directions) following a vMF distribu-
tion model. Let� be the vector sum of these vectors. Then,
the point estimator, ���, of the mean direction is obtained
by simply normalizing� to a unitlength. The point estima-
tor of � is given by

��� �
� � �
� �� (3)

where � � ����� ���
��� �

�
� ���.

The density function (2) can be rewritten in terms of a
spherical polar coordinate system as follows:
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where � � ��� � and � � ��� 	� are the polar and azimuth
angles from the mean direction, respectively.

2.2. The Spherical Torrance-Sparrow Model

Let � be the direction mirror-symmetric (with respect
to the normal � to the microfacet) to the surface normal
� (Fig. 1: Left). Then we assume that � obeys a vMF
distribution with mean direction � (Fig. 1: Right). More
specifically, the probability of finding a direction � within
a unit angular area centered at an angle, ��� ��, from the
surface normal direction � is given by (4). Now, � �
��� � is clearly equal to twice the angle, � (� in (1)), be-
tween � and � . Hence, this probability is proportional
to �����	� �
�� ��, since ����� ��� �� � ����� ��� 	�� �
������ �����	� �
�� ��. Similar to the derivation of the



Figure 1. Reflection model based on spherical distribu-
tion.

Torrance-Sparrow model, we replace the exponential func-
tion on the right side of (1) with �����	� �
�� �� as follows:�
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The concentration parameter � here means the “smooth-
ness” of the object surface. Also, we assume the follow-
ing relation between the surface smoothness � and surface
roughness � in such a manner that (5) is equivalent to (1)
for small values of � (hence, �
�� � �).

� �
�
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(6)

On the other hand, it is well known that the Torrance-
Sparrow reflection model can be simplified by redefining �
and� as constant values, under the condition that the angle
between the viewing and illumination directions is smaller
than ��Æ [14]. Thus, we also simplify (5) as,
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where �� is redefined as ����. We call this specular
reflection model the spherical Torrance-Sparrow reflection
model.

Fig. 2 displays the approximation of the specular reflec-
tion radiance by the spherical Torrance-Sparrow model as
well as its approximation by the original Torrance-Sparrow
model. From Fig. 2, we can see that these two simulation
curves agree very closely with each other if � may vary in
��� ��	� (it is known that � generally takes between �����
and ��	) and � is within ��� ��Æ� (necessary condition for
Torrance-Sparrow model simplification). This implies that
the spherical Torrance-Sparrow model can be regarded as an
approximation to the Torrance-Sparrow model, and hence
also to the specular reflection.

3. Multiple Point Light Source and
Reflectance Estimation

In this section, we formulate the illuminatin condition
as a mixture of vMF distributions on the unit sphere based

on the spherical Torrance-Sparrow reflection model, and
then initially estimate the illumination and specular re-
flectance parameters using the Expectation Maximization
(EM) framework for this mixture model. The resulting es-
timates are then refined using a local optimization scheme
based on the original Torrance-Sparrow reflection model.

3.1. A Mixture Representation of Illumination Con-
dition

We assume that the scene is illuminated by a finite num-
ber of distant point light sources (i.e., directional lights) that
all have the same color. Also, the specular reflectance prop-
erty of the object surface is assumed to be homogeneous.

With these assumptions, (7) can be discretely approxi-
mated using the nodes of a geodesic dome [10, 13] as
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where � is the normalized color vector with the assump-
tion that all the light sources have the same color, �� is
the number of the nodes of a geodesic dome in a northern
hemisphere, �� is the number of the point light source,
�� �� � �� � � � ���� is the radiance of the �-th light source,
and �� is the angle between the surface normal and the bi-
sector of the viewing direction and the �-th light source di-
rection.

Now suppose that light rays emanate in all directions
from the viewing point, some of the light rays pass through
the image plane toward the object and strike the object
surface. Then, we map the value of 	�� � �� ��� �� �

����	 � �

�
��
 � �

�
��� ��� �� of each pixel to the mirror re-

flection direction at the corresponding surface point. We
call the resulting scalar field on the unit sphere the illumi-
nation sphere.

The angle between this mirror reflection direction and
the �-th light source direction is given by
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where �� is the azimuth angle of the bisector of the viewing
direction and the �-th light source direction from the surface
normal. Since the specular reflection can be only observed
when�� has very small values, we ignore the second term in
(9) and approximate �� as �� � �����������	���� � 	��.
Hence, the scalar value, 	���� ���, of a location, �, on the
illumination sphere is represented as:
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Figure 2. Approximation of the specular reflection radiance, for a fixed �, with respect to variations of �, by the spherical
Torrance-Sparrow model (solid line) as well as the approximation by the original Torrance-Sparrow model (dotted line).

�
	�� �

��

��

���
���

�� ���
�
�����

�
(10)

where �� is the direction of the �-th light source and � �
���� � � � � ���

���� � � � ����
� �� is a set of the illumination

and specular reflection parameters.

From (10), we can clearly see that the illumination
sphere is equivalent to a mixture of vMF distributions, since

	���� ��� � ���
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where �� is redefined as the relative radiance of the �-th
light source so that

���

��� �� � �, and �� � ���� �� is a
vMF probability density function. As a result, the mix-
ture weight, the number of components, the mean direction
and concentration parameter of each component distribu-
tion correspond to �� (the relative radiance of the �-th light
source), �� (the number of the light source), �� (the di-
rection of the �-th light source), and � (the surface smooth-
ness), respectively. Therefore, the problem of estimating il-
lumination and specular reflection parameters can be formu-
lated as a vMF mixture estimation problem with respect to
� � ���� � � � � ���

���� � � � ����
� ��. However, note that,

unlike usual mixture estimation, the concentration parame-
ter (or surface smoothness) � is common to all the compo-
nent distributions. This corresponds to the fact that when
� is independently defined for each component distribu-
tion, each surface point has different reflectance properties
for different light sources, which is physically nonsense.
Also note, under the assumption of the original Torrance-
Sparrow model, the scalar field on the sphere is expressed
as a linear combination of two dimensional Gaussian distri-
butions for data in ��, so that the illumination estimation
problem cannot be treated as a mixture estimation problem.

3.2. EM Algorithm for Illumination Sphere

We regard the problem of simultaneously estimating the
multiple point light sources and the specular reflectance as
a problem of estimating a mixture of vMF distributions, as
described above. To estimate the parameters of a Gaussian
mixture, the Expectation Maximization (EM) algorithm is
widely used for its numerical stability and simplicity.

Recently, Banerjee et al. [1] proposed two vari-
ants (called the hard-assignment scheme, soft-assignment
scheme) of the EM algorithm for estimating the parame-
ters of a mixture of vMF distributions. In this paper, we
adopt Banerjee et al.’s EM algorithm for our parameter es-
timation problem. Note that their EM algorithm cannot be
straightforwardly applied to this case, since our vMF mix-
ture model, unlike the normal vMF mixture, includes the
concentration parameter (�) which is common to all the
component distributions, as mentioned before. In order to
deal with this problem, we introduce the hard-assignment
scheme in the E (Expectation) step and an updating rule
based on the point estimator (3) in the M (Maximization)
step. Also, for the parameters except �, we use their soft-
assignment scheme. Let 	 � ���� � � � ����� ������� �
��
�� a data set. Then, our EM algorithm chooses ran-
domly �� points (unit vectors) as the initial cluster means
�� (� � �� � � � ���) and then iterates the following steps un-
til convergence.

(1) E-step
Update the distributions of the hidden variables for � �

�� � � � � � and � � �� � � � ��� as:
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(2) M-step



Update each parameter for � � �� � � � ��� as:
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Note that the number of component distributions is assumed
to be known. Nevertheless, one of the advantages of solving
this inverse rendering problem within the EM framework is
that the optimal number of components, i.e., the light source
number (��) can be determined as discussed in the next
section.

3.3. Light Source Number Estimation

The problem of determining the number of components
in mixture models has been well studied in the statistical
learning community [3, 17]. For instance, Cang et al. [2]
used the Williams’ statistical test to estimate the number of
components in mixtures.

Using the notation of [2], Kullback-Leibler divergence
distance between the true density function ���� and the
density funciton, ����, approximated by the EM algo-
rithm under the number, �, of components is described as:
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The first term only depends on � and it is approximated as:
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where !�� � � denotes the expectation value function and
���� � � � � ��� is a data set. As � is increasing, � has a de-
creasing trend. Let " � � ��� �����. Then, from (12),
the mean, " , of " represents the mean for different group
level in Williams’ test. According to Williams’ test, statisti-
cal significance, i.e., the optimal number of components in
a mixture, is determined by the Student’s t test using
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where ��� and $ are, respectively, represented as follows:
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3.4. Final Refinement

The estimates obtained in Sections 3.2-3.3 may devi-
ate a little from the true values, since the estimation algo-
rithm is based on the approximated analysis of the Torrance-
Sparrow reflection model and illumination sphere. In this
section, we improve the results in Sections 3.2-3.3 through
an optimization process based on the original Torrance-
Sparrow reflection model. Note that we fix the number
(��) and direction (��) of the light sources, since the al-
gorithm described in Sections 3.2-3.3 is, as confirmed by
our preliminary experiments, reasonably accurate with re-
spect to these parameters in most cases and because those
parameters are difficult to solve stably within the optimiza-
tion framework.

Using the original (simplified) Torrance-Sparrow model,
(8) can be modified as:
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where ��� � 	����'��, � � �� � � � ���. This implies
that estimation of�� and�� becomes an ill-posed problem.
Therefore, we address the estimation of ��� in (16). The
relative source radiance can be calculated by normalizing
each ��� so that

���

���
��� � �.

Now, we re-estimate ��� and � by solving the optimiza-
tion problem as:

argmin��
�� ����

	���
�	���


����$� #�� ���$� #���� (17)

where �� � �	��� � � � � ����
� ��, ��$� #� is the image irradi-

ance of the observed (separated) specular reflection compo-
nent, and ��� � �� � is the numbers of horizontal and verti-
cal pixels, respectively. To solve (17), we utilize an iterative
approach, as described in the following procedures.

First, we set the initial values of ��� and � as:

	��� � (���� � �� �
�

	
�
��

(18)

where ��� and �� are the (initial) estimates of �� and � ob-
tained in Sections 3.2-3.3, respectively and (� is the solu-
tion to the following linear least squares problem:

(� � argmin
�

������
	���
�	���


����$� #�� ( ����$� #���� (19)

where ��� represents the specular image synthesized using
the estimates which we obtained in Sections 3.2-3.3.

Next, we alternate between gradient descent minimiza-
tion of (17) with respect to ��� and � until convergence.



Figure 3. Left: input image, right: specular image.

Figure 4. Left: synthesized image, right: difference im-
age (the intensity values are scaled for better visualization).

4. Experimental Results

To demonstrate and evaluate our method, we use two
examples: a surface with relatively small roughness and
one with large roughness. In both experiments, we use a
geodesic dome consisting of approximately 4,100 vertices.
We search for the optimal number (��) of light sources
in the interval from � to �. Also, we use the acceptance-
rejection technique to generate ���� training data accord-
ing to the distribution on the illumination sphere (the re-
sults were observed to be independent of the seed of the
random number generator in our experiment). For each ex-
periment, we also synthesize the object’s appearance under
such novel lighting conditions that only one light source is
turned on and the others are turned off. In this case, we
render the new diffuse image by computing the ratio of irra-
diance between the original and new lighting condition for
each surface point. Then, by synthesizing the new specular
image with the estimated illumination and specular param-
eters, and adding those diffuse and specular images, we can
render the virtual object image under the new lighting con-
dition .

First, we describe experimental results with an object
with relatively small surface roughness. In this experiment,
color images are captured using a color CCD video camera
and 3D geometric models are obtained using a light-stripe
range finder with a liquid crystal shutter. In our experi-
ments, we use a polarization filter to separate the diffuse and
specular reflection components [20]. Note that other tech-
niques, including color-based methods [15], can be used in-
stead. Fig. 3 shows the input image and the specular
reflection image. The synthetic image on the left in Fig. 4
has been generated using our method. The right of Fig. 4
shows the difference between the synthetic image and the

Figure 5. Left: real illumination hesimisphere, right: es-
timated illumination hemisphere.
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Figure 6. Light source number estimation.

input image (Fig. 4:Left - Fig. 3:Left). Fig. 5 shows the in-
put and finally reconstructed illumination spheres. Fig. 6
shows the process of estimating the number of light sources
by decreasing the number of mixture components in the ini-
tial estimation. The vertical axis represents the value of the
Student’s t-distribution. The horizontal axis represents the
setting number of mixture components. In Fig. 6, at the cor-
rect number of components � � , the two criteria (#� ) #���
and #��� * #����� : the significance level � � � ) are si-
multaneously satisfied and thus the number of light sources
can be determined as �� � . The directions and intensi-
ties of light sources are tabulated in Table 1. The estimate
of � is ���!�". Fig. 7 shows the original photographs and
the images rendered under new lighting conditions in which
only one light source is turned on.

Next, we describe experimental results with objects with
relatively large surface roughness values. In this exper-
iment, we synthesize the input image using a global il-
lumination renderer Radiance [11]. Fig. 8 shows the in-
put image and the specular reflection image. The syn-
thetic image on the left in Fig. 9 has been generated using
our method. The right of Fig. 9 shows the difference be-
tween the synthetic image and the input image (Fig. 9:Left
- Fig. 9:Left). Fig. 10 shows the input and the estimated il-
lumination sphere. Fig. 11 shows the process of estimating
the number of light sources. From Fig. 11, we can deter-



Table 1. Estimation results.

Light 1 Light 2 Light 3
Estimated light direction 	������������� ����
 	�������������� ����
 	������������� �����


Ground truth 	�������������� �����
 	�������������� ���
 	������������ �����

Estimated light intensity ����� ����� ����

Ground truth ���� ����� �����

Table 2. Estimation results.
Light 1 Light 2 Light 3 Light 4

Estimated light direction 	������ �����������
 	������ ������������
 	������ ������ �����
 	������ ������������

Ground truth 	����� ������������
 	������ ������������
 	������ ����� �����
 	������� ������������


Estimated light intensity ����� ����� ����� �����
Ground truth ��� ��� ���� ����

Figure 7. Images under each point light source (left: orig-
inal photograph, right: synthesized images).

mine�� �  as the estimated number of light sources. The
directions and intensities of light sources are tabulated in
Table 2. The estimate of � is ���#�. Fig. 12 shows the orig-
inal images and the synthetic images rendered under novel
lighting conditions in which only one light source is turned
on (Due to the space limitation, we omit the figures for the
fourth light). Fig. 12 demonstrates that the estimated light
source directions contain errors due to the extremely large
surface roughness value.

5. Conclusions
We have proposed a new method for estimating for esti-

mating the illumination condition of a scene and reflectance
property of a real object in the scene, from a single view
image taken under multiple point sources and a geometric
model of the object. By first representing the specular re-
flection as a mixture of probability distributions on the unit

Figure 8. Left: input image, right: specular image.

Figure 9. Left: synthesized image, right: difference im-
age (the intensity values are scaled for better visualization).

sphere and then applying the EM framework to estimate the
mixtures, we are able to estimate not only the direction and
intensity of the light sources but also the number of light
sources and the specular reflectance property. We believe
that other reflectance models described with half-angle vec-
tor parameterization can be incorporated albeit minor mod-
ifications in the derivation. We also believe that multiple
images will increase the sampling density of the mixture of
vMF distributions and hence increase the accuracy of the es-
timates. In the future, we would like to extend the presented
method to the inverse rendering algorithm to objects that
have nonhomogeneous specular reflectance properties. We
are also interested in estimating the distance to each source.
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